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_Ilhan).This paper investigates the dynamic response to a time-harmonic oscillating moving load of a system
comprising a covering layer and half-plane, within the scope of the piecewise-homogeneous body model
utilizing of the exact equations of the linear theory of elastodynamics. It is assumed that the materials of
the layer and half-plane are anisotropic (orthotropic), and that the velocity of the line-located time-har-
monic oscillating moving load is constant as it acts on the free face of the covering layer. Our investiga-
tions were carried out for a two-dimensional problem (plane-strain state) under subsonic velocity for a
moving load in complete and incomplete contact conditions. The corresponding numerical results were
obtained for the stiffer layer and soft half-plane system in which the modulus of elasticity of the covering
layer material (for the moving direction of the load) is greater than that of the half-plane material.
Numerical results are presented and discussed for the critical velocity, displacement and stress distribu-
tion for various values of the problem parameters. In particular, it is established that the critical velocity
of the moving load is controlled mainly with a Rayleigh wave speed of a half-plane material and the exis-
tence of the oscillation of the moving load causes two types of critical velocity to appear: one of which is
less, but the other one is greater than that attained for the case where the mentioned oscillation is absent.
 2009 Elsevier Ltd. All rights reserved.1. Introduction
In this paper, within the scope of the piecewise-homogeneous
body model and through the employment of the exact equations
of the linear theory of elastic waves the dynamics of a system com-
prising an orthotropic layer and orthotropic half-plane under the
action of an oscillating moving load is studied. Note that this study
is a continuation of that which was made in the paper by Akbarov
and Ilhan (2008) for the case where the external moving load is not
oscillating. At the same time, in that paper the brief review of the
related investigations carried out by Achenbach et al. (1967),
Auersch (2006), Karlström, 2006, Bespalova (2007), Madshus and
Kaynia (2000), Green et al. (1952), Biot (1965), Truestell and Noll
(1965), Guz (1986a,b, 2004), Akbarov and Ozisik (2004), Zhuk
and Guz (2007), Akbarov (2006, 2007a), Yahnioglu (2007) and
many others are given. Moreover in that paper the moving load
problems are classiﬁed from various points of view, one of which
is based on the investigative approach.ll rights reserved.
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v), ilhan@yildiz.edu.tr (NihatAs a more detailed description and analysis of the classiﬁcations
mentioned above and speciﬁc approaches were given in the paper
by Akbarov and Ilhan (2008), therefore we will not dwell on those
here. Nevertheless we will cover herein those arising after the
writing of that paper and, where necessary, those that must be
considered again.
InBabichet al. (1986), thedynamical responsewasconsidered for
a system consisting of a layer and pre-strained half-plane. The equa-
tion of motion for the covering layer was described by Timoshenko
beam theory, but the equation of motion for the half plane was de-
scribed by three-dimensional linearized theory of elastic waves in
initially stressedbodies (TLTEWISB). The solution to the correspond-
ing boundary value problemwas determined by using the exponen-
tial Fourier integral transformation. Corresponding numerical
investigations were made for the case where constitutive relations
for the half-planematerial were described in terms of harmonic po-
tential. Moreover, it was assumed that the speed of themoving load
was constant and the subsonic case had been taken into consider-
ation. These numerical investigations led to the further study of
the parameters’ inﬂuence on critical velocity in the second study
byBabich et al. (1988) utilizing the complex potentials of TLTEWISB.
In Babich et al. (2008a,b) the foregoing investigations of these
authors are developed for the supersonic moving load acting for
compressible (2008a) and incompressible (2008b) bodies.
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(1986, 1988) in developing a case where the covering layer is
also strained initially, and where the equation of motion for
this layer is also described by TLTEWISB; from this, the inﬂu-
ence of the problem parameters on the critical velocity was
studied. However, Akbarov et al. (2007) assumed the materials
of the covering and half-plane to be isotropic. This assumption
signiﬁcantly restricts the theoretical investigations in terms of
controlling the critical velocity values for the moving load and
the stresses acting on the interface plane through the mechan-
ical properties of the layer and half-plane materials. Therefore,
the study by Akbarov and Ilhan (2008) further develops the
investigation in Akbarov et al. (2007) for the case where the
materials of the covering layer and half-plane are anisotropic
(orthotropic). Note that the anisotropy of the covering layer
materials in the aforementioned systems may occur as a result
of oriented reinforcing elements present in these materials. At
the same time, under certain conditions, multi-layered soil
(half-plane) or a multi-layered covering plate can be modeled
as a homogeneous orthotropic material with effective mechani-
cal properties.
Furthermore, it should be noted that the foregoing determina-
tion of a system consisting of a stiffer layer and soft half-space or
soft layer and stiffer half-space is not applicable in cases where
the materials of the covering layer or of the half space are orthotro-
pic, because, in the latter case, there are six independent moduli of
elasticity and many wave speeds associated with these moduli.
Therefore, for cases where the materials of the covering layer or
of the half-space are orthotropic, whether the system consists of
a ‘‘stiffer layer and soft half-space” or ‘‘soft layer and stiffer half-
space” must be indicated. In the aforementioned paper by Akbarov
and Ilhan (2008), within the ‘‘stiffer layer and soft half-space” sys-
tem, the modulus of elasticity of the covering layer material in the
moving load direction is greater than that of the half-plane mate-
rial, and the corresponding numerical results are presented for this
case. These results illustrate the inﬂuence of the mechanical prop-
erties of the covering layer material and the inﬂuence of the initial
stresses on the values of the moving load’s critical velocity and on
the stresses acting on the interface plane between the layer and
half-plane.
As noted by Hussein and Hunt (2007), Degrande and Schille-
mans (2001), Lefeuve-Mesgouez et al. (2000), Auersch (2008) and
many others, in reality high-speed trains, cars and other high-
speed transportation vehicles modeled as moving loads are accom-
panied by their own oscillations. To determine how these accom-
panying oscillations act on the dynamical response of the system
considered requires corresponding additional investigations. These
investigations are the subject of the present paper; in other words,
in the present paper the investigations carried out in Akbarov and
Ilhan (2008) are developed for time-harmonic oscillating moving
loads. However, in order to focus on the study of the inﬂuence of
the aforementioned oscillation of the moving load on the dynamics
of the system considered in the present paper (in contrast with the
paper by Akbarov and Ilhan (2008)) it is assumed that there are not
any initial stresses in the constituents of this system.
Throughout the paper repeated indices indicate a summation
over their ranges. However, underlined repeated indices are not
to be taken as sums.Fig. 1. The geometry of the structure of the half-plane covered by the layer.2. On the formulation of the problem and solution method
The object of the investigation is the same one which is consid-
ered in the paper by Akbarov and Ilhan (2008) (with assumption
rðkÞ;011 ¼ 0, where rðkÞ;011 is an initial stress in the kth component of
the system) and schematically shown in Fig. 1. At the same time,the notation, the equation of motion, the mechanical and geomet-
rical relations, the contact conditions, the boundary conditions at
x2 ! 1 and the boundary condition at x2 ¼ 0 with respect to
rð1Þ12 which are used and written in the paper by Akbarov and Ilhan
(2008) occur also in the present paper and therefore for reducing
the size of the paper we do not rewrite they here again. However
the boundary condition with respect to rð1Þ22 at x2 ¼ 0 is changed
and has the following form:
rð1Þ22

x2¼0
¼ P0eixtdðx1  VtÞ ð1Þ
By using the coordinate system x01 ¼ x1  Vt; x02 ¼ x2 which moves
with loading force and represents the sought values as
g x01; x
0
2; t
  ¼ g x01; x02 eixt we obtain the following equation from
equation of motion for the amplitude of the displacements:
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where cðmÞ12 ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
lðmÞ12 =qðmÞ
q
:
In Eq. (2), the upper prime in x1 and x2, and over bar in u
ðmÞ
1 and
uðmÞ2 are omitted. In this case, the boundary condition (1) is replaced
by the following one:
rð1Þ22

x2¼0
¼ P0dðx1Þ ð3Þ
Thus, the other conditions mentioned above are also valid for
the new coordinate system x01 ¼ x1  Vt; x02 ¼ x2 and for the ampli-
tude of the sought values.
Now we consider the solutions to Eq. (2). For this purpose, as in
the paper Akbarov and Ilhan (2008) we employ the exponential
Fourier transformation with respect to the x1 coordinate deﬁned as
fFðs; x2Þ ¼
Z þ1
1
f ðx1; x2Þeisx1 dx1 ð4Þ
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tions. As a result of this transformation we may obtain from (2) the
following equation with respect to uðmÞ1F ðs; x2Þ and uðmÞ2F ðs; x2Þ:
d2uðmÞ1F
dx22
þ isbðmÞ du
ðmÞ
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dðmÞ
d2uðmÞ2F
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1F
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ð5Þ
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In (6) the following notation is used:
X ¼ xh
cð1Þ12
; wðmÞ ¼ c
ð1Þ
12
cðmÞ12
ð7Þ
We assume that the following inequalities are satisﬁed:
V < min cð1Þ12 ; c
ð2Þ
12
n o
;
AðmÞ11
lðmÞ12
> 1;
AðmÞ12
lðmÞ12
> 1;
AðmÞ22
lðmÞ12
> 1: ð8Þ
The case determined by relation (8) is called the subsonic case.
Taking relation (8) into account and making somemathematical
manipulations, we obtain from Eqs. (5) and (6) the following
expression for uðmÞ1F and u
ðmÞ
2F
:
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In expression (9) the notation
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is used, where
AðmÞ ¼ s2aðmÞdðmÞ þ s2bðmÞ2  s2cðmÞ
 
ðdðmÞÞ1;
BðmÞ ¼ s4aðmÞcðmÞðdðmÞÞ1: ð11Þ
Note that, according to relations (7) and (8), in the case where
Xð¼ xh=cð1Þ12 Þ ¼ 0 (this case was studied in Akbarov and Ilhan
(2008)) the values of KðmÞ1;2 determined by expression (10) are real
numbers. But, in the case where X > 0, the values of KðmÞ1;2 can be
real, pure imaginary and complex numbers. This statement follows
from the expressions aðmÞ and cðmÞ given in Eq. (6), and complicates
the solution procedure for the problem considered. Moreover, this
statement signiﬁcantly complicates the composition of the algo-
rithm and PC programs needed to obtain the corresponding
numerical results.
Thus from corresponding contact and boundary conditions
mentioned above we have completely determined the Fourier
transformation of all sought values and obtain the algebraic
equation for determination of the unknowns Fð1Þ1 ðsÞ; . . . ;
Fð1Þ4 ðsÞ; Fð2Þ1 ðsÞ and Fð2Þ3 ðsÞ which enter into the expression (9).From the algebraic equations we ﬁnd the aforementioned un-
knowns and, employing the inverse transform
f ðx1; x2Þ ¼ 12p
Z þ1
1
fFðs; x2Þeisx1 ds ð12Þ
we determine the sought stresses and displacements.
Now consider the calculation of integral (12). In the case where
X ¼ 0 (as in Akbarov and Ilhan (2008)) or in the case where V ¼ 0
(as in Akbarov (2006, 2007b)) the integral (12) can be reduced to
the calculation of either of the integrals 1p
Rþ1
0 fFðs; x2Þ cosðsx1Þds
for uðmÞ2F ;r
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1
p
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uðmÞ1F ;r
ðmÞ
12 ; e
ðmÞ
12 . However, in the case where simultaneously
V > 0 and X > 0 this reduction is violated by the term
XVwðmÞ=ðshÞ which enters the expression aðmÞ and cðmÞ in (6). There-
fore in the latter case the calculation of the integral (12) must be
done without the aforementioned reduction. Consequently, given
the calculation of the integral (12) we must use the relation
1
2p
Z þ1
1
ð:Þeisx1 ds ¼ 1
2p
Z þS
S
ð:Þ cosðsx1Þdsþ i2p
Z S
S
ð:Þ
 sinðsx1Þds ð13Þ
The values of S in (13) are determined from the corresponding
numerical convergence criterion. At the same time we use the fol-
lowing notation:
rðmÞijc ¼
1
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S
rðmÞijF cosðsx1Þds;
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1
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After the foregoing mathematical preparation, the true (real)
values of the sought quantities are determined by the expressions
rðmÞij ;u
ðmÞ
i
n o
¼ Re ~rðmÞij ; ~uðmÞi
n o
eixt
 
ð16Þ
according to which,
rðmÞ22 ¼ j~rðmÞ22 j cos aðmÞ22 þxt
 
; rðmÞ11 ¼ j~rðmÞ11 j cos aðmÞ11 þxt
 
rðmÞ12 ¼ j~rðmÞ12 j sin aðmÞ12 þxt
 
; uðmÞ2 ¼ j~uðmÞ2 j cos aðmÞ2 þxt
 
uðmÞ1 ¼ j~uðmÞ1 j sin aðmÞ1 þxt
 
ð17Þ
Thus, we now consider the numerical results obtained within
the framework of the solution discussed above and related to the
inﬂuence of the oscillation frequency of the moving load and the
mechanical properties of those on the values of the critical velocity
and on the values of the displacement and of the stresses acting on
the interface plane between the covering layer and half-plane.
Fig. 2. The graphs of th e dependencies between c and sh for various values of X for
e1 ¼ 0:5;l1 ¼ 0:5 under complete contact conditions.
Table 1
The values of Vcr=c
ð1Þ
12 under complete and incomplete contact conditions in the case
where the materials of the covering layer and half-plane are isotropic. The upper
(lower) numbers show the values of ccr: attained in the present paper and in Akbarov
et al. (2007) and Babich et al. (1986).
e Comp. cont. cond. Incomp. cont. cond.
0.5 0.841 0.709
0.839 0.719
0.1 0.428 0.373
0.427 0.372
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used in the paper Akbarov and Ilhan (2008) was developed with re-
spect to the case considered in the present paper.
3. Numerical results and discussion
Within the framework of this paper we cannot consider the
analyses and discussions of the numerical results regarding the
kinds of values of all problem parameters which characterize the
anisotropic (orthotropic) properties of the covering layer and
half-plane materials. Therefore, we must limit the changing range
of these parameters. As in Akbarov and Ilhan (2008), in the present
paper we assume that the material of the half-plane is isotropic, i.e.
Eð2Þ1 ¼ Eð2Þ2 ¼ Eð2Þ3 ¼ Eð2Þ; mð2Þ12 ¼ mð2Þ13 ¼ mð2Þ23 ¼ mð2Þ; lð2Þ12 ¼
Eð2Þ
2ð1þ mð2ÞÞ
ð18Þ
Taking the relations in (18) into account, we introduce the following
notation:
e ¼ E
ð2Þ
Eð1Þ1
; e1 ¼ E
ð1Þ
2
Eð1Þ1
¼ E
ð1Þ
3
Eð1Þ1
; l1 ¼
lð1Þ12
Eð1Þ1
ð19Þ
Moreover, we assume that
mð1Þ12 ¼ mð1Þ13 ¼ mð1Þ23 ¼ mð1Þ ¼ 0:3; mð2Þ ¼ 0:3;
qð2Þ
qð1Þ
¼ 0:5 ð20Þ
In order to anticipate the real (dimensional) values of the critical
velocity we use the notation
c ¼ V
cð2ÞR
ð21Þ
for the dimensionless velocity c, where cð2ÞR is a Rayleigh wave speed
of a half-plane material. The critical values of this velocity will be
shown as ccr: ¼ Vcr:=cð2ÞR .
We will now analyze the graphs of the dependencies c ¼ cðshÞ
which were obtained within the scope of assumptions (18)–(21).
Note that the numerical results (not given here) show that the
dependencies c ¼ cðshÞ in cases where e ¼ Eð2Þ=Eð1Þ1
 
> 1 do not
have any local maximum or minimum for which dc=dðshÞ ¼ 0. Such
local maxima or minima arise only in cases where e < 1, i.e. in
cases where the modulus of elasticity of the covering layer mate-
rial in the direction of the Ox1 axis (Fig. 1) is greater than that for
the half-plane material.
Thus, we investigate the inﬂuence of the dimensionless fre-
quency X determined by the relation given in (7) on the depen-
dence c ¼ cðshÞ consequently on the values of ccr: for various
values of parameters e; e1 and l1.
It should be noted that in the case where X ¼ 0:0 (Akbarov and
Ilhan, 2008), taking the symmetry of the det kanmðVðshÞÞk (where
anmðVðshÞÞ are coefﬁcient of the unknowns Fð1Þ1 ðsÞ; . . . ; Fð1Þ4 ðsÞ;
Fð2Þ1 ðsÞ and Fð2Þ3 ðsÞ in the algebraic equations which are obtained
for those from the contact an boundary conditions) with respect
to sh ¼ 0:0 into account for analysis of the dependence c ¼ cðshÞ
it is sufﬁcient to consider this dependence in the interval
0 6 sh 6 þ1, only. But in the case where X > 0, according to the
Doppler Effect which arises through the term XVwðmÞ=ðshÞ in the
expression of aðmÞ; cðmÞ in (6), this symmetry is violated. Therefore,
in the case considered, i.e. in the case where X > 0 the analyses
of the dependence c ¼ cðshÞ must be done in the interval
1 6 sh 6 þ1. For illustration of this statement we consider the
graphs of the noted dependence given in Fig. 2. These graphs are
constructed under l1 ¼ 0:5; e1 ¼ 0:5 and e ¼ 0:2 for various values
of X. It follows from this ﬁgure that the graphs constructed in the
case where X ¼ 0 are symmetric with respect to the straight linedetermined by the equation sh ¼ 0:0. However, this symmetry
is violated for the graphs constructed under X > 0. The analyses
of the numerical results show that up to certain X (denoted by
X0Þ the values of ‘‘minimum” critical velocity (denoted by c0crÞ
are determined by the left branches, i.e. by the branches attained
in the region sh < 0:0. The following (by magnitude) values of
the critical velocity (denoted by c00crÞ are determined by the right
branches, i.e. by the branches attained in the region sh > 0:0. In
this case the values of c0cr c
00
cr
 
decrease (increase) with X. Conse-
quently, up to a certain value of the oscillation frequency (i.e. up
to X ¼ X0Þ of the moving load, as a result of the oscillation of
this load, the critical velocity decreases. However, in the case
where X > X0 the left branches of the graphs do not determine
the critical velocity; in other words, on these branches, the point
for dc=dðshÞ ¼ 0 does not rise, but the right branches of the
graphs to determine the values of ccr for the case where
X > X0. But this procedure continues up to a certain value of X
(denoted by X00Þ after which the values of c00cr: go outside of the
framework of the subsonic moving regime.
The graphs shown in Fig. 2 are attained for complete contact
condition. Such graphs are also attained for incomplete contact
conditions but these graphs have not been shown here because
they have the same character as the graphs given in Fig. 2. Note
that in this ﬁgure the graphs constructed under X ¼ 0:0 coincide
with the corresponding ones attained in Akbarov and Ilhan
(2008). At the same time, we consider the comparison of the
value of the critical velocity attained in the case where X ¼ 0:0
by employing the algorithm and PC programs used in the pres-
ent investigations with those attained by Akbarov et al. (2007)
and Babich et al. (1986). The results are presented in Table 1
for various e under complete as well as incomplete contact con-
ditions. Note that in this table the values of Vcr:=c
ð1Þ
12 are illus-
trated, because Akbarov et al. (2007) and Babich et al. (1986)
had made the corresponding discussions on the dimensionless
velocity Vcr:=c
ð1Þ
12 . Moreover, note that the results shown in this
table and in Fig. 2 hold true for the correctness of the approach
used, as well as the algorithm that PC programs have produced
for this numerical investigation. Also, it follows from the forego-
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ing layer is isotropic describing its motion within the scope of
the Timoshenko theory gives results with a high degree of
accuracy and these results coincide almost completely with the
corresponding ones obtained within the scope of TLTEWISB. It
is well-known that in cases where the material of the covering
layer is anisotropic (for example, Guz (1986a,b, 2004) and Biot
(1965)), the accuracy of the results attained by Timoshenko
theory as well as by other reﬁned plate theories is reduced as
the degree of the anisotropy increases. Only in such cases does
the necessity arise for the employment of the exact equations
of elastodynamic motion – a step which has also been taken
in Akbarov and Ilhan (2008) and in the present investigation.
Again we turn to the discussion of the numerical results ob-
tained in the case where X > 0. Table 2 shows the values of c0cr: at-
tained under 0:001 6 X 6 X0 as well as the values of c00cr: attained
under X0 6 X 6 X00. The results given in Table 2 are obtained under
complete (upper number) and incomplete (lower number) contact
conditions for the various values of the parameters e and e1 in the
case where l1 ¼ 0:5. Note that in this table the values of X are
written in parentheses. The values of X0 and X00, and the corre-
sponding critical velocities c0cr: and c
00
cr: are written in italics. Within
the same assumptions and notation the inﬂuence of the parameter
l1 on the values of c0cr:; c00cr: under e ¼ 0:2; e1 ¼ 0:5 are illustrated by
data given in Table 3.
In Tables 2 and 3 the values of c00cr: corresponding to the
X ¼ X00 are very near to each other, because these values of c00cr:
almost coincide with cð2Þ2 =c
ð2Þ
R ð 10824Þ which is the upper limit
for the velocity of the moving load in the considered cases, for
the subsonic case determined by expression (8). Therefore the
noted values of c00cr: do not depend on the mechanical parameters
regarding the covering layer material. However, the values of X00
depend signiﬁcantly on the values of these parameters.
The results tabulated in Tables 2 and 3 show that the values of
the critical velocity of the moving load in the case where
0 6 X 6 X0 as well as in the case where X0 6 X 6 X00 are controlled
with a Rayleigh wave speed of the half-plane material. So that, for
the change in range considered for the values of the problem
parameters, the following relations occur:Table 2
The inﬂuence of e1 on the values of c0cr: and c
00
cr: for the various e in the case where l1 ¼ 0
e e1 c0cr:
0.4 1 0.945(0.001) 0.942(0.003) 0.915(
0.794(0.001) 0.775(0.015) 0.719(
0.8 0.947(0.001) 0.944(0.003) 0.917(
0.794(0.001) 0.774(0.015) 0.718(
0.6 0.950(0.001) 0.947(0.003) 0.920(
0.792(0.001) 0.772(0.015) 0.714(
0.4 0.955(0.001) 0.952(0.003) 0.925(
0.790(0.001) 0.769(0.015) 0.709(
0.3 1 0.971(0.001) 0.966(0.003) 0.948(
0.822(0.001) 0.795(0.015) 0.757(
0.8 0.972(0.001) 0.968(0.003) 0.950(
0.822(0.001) 0.795(0.015) 0.756(
0.6 0.975(0.001) 0.971(0.003) 0.953(
0.822(0.001) 0.794(0.015) 0.756(
0.4 0.981(0.001) 0.977(0.003) 0.959(
0.823(0.001) 0.794(0.015) 0.754(
0.2 1 0.998(0.001) 0.990(0.003) 0.986(
0.855(0.001) 0.811(0.015) 0.803(
0.8 0.999(0.001) 0.991(0.003) 0.987(
0.855(0.001) 0.811(0.015) 0.803(
0.6 1.002(0.001) 0.994(0.003) 0.990(
0.856(0.001) 0.811(0.015) 0.804(
0.4 1.007(0.001) 0.999(0.003) 0.994(
0.858(0.001) 0.812(0.015) 0.804(0:915cð2ÞR 6 V
0
cr: 6 1:007c
ð2Þ
R ; V
0
cr: ¼ c0cr:cð2ÞR
0:001 6 X 6 X0 ¼ 0:019
0:976cð2ÞR 6 V
00
cr: 6 1:078c
ð2Þ
R ; V
00
cr: ¼ c00cr:cð2ÞR
0:02 6 X 6 X00 ¼ 0:069 ðfor complete contact conditionÞ
ð22Þ0:719cð2ÞR 6 V
0
cr: 6 0:858c
ð2Þ
R ; 0:001 6 X 6 X
0 ¼ 0:051
0:870cð2ÞR 6 V
00
cr: 6 1:078c
ð2Þ
R ; 0:04 6 X 6 X
00 ¼ 0:283
ðfor incomplete contact conditionÞ
ð23Þ
Peat, organic clays and soft marine clays which can be taken as
the half-plane materials have a Rayleigh wave velocity as low as
120–200 km/h (see, for example, a paper by Madshus and Kaynia
(2000)). Consequently, in the foregoing and other similar cases,
numerical results obtained for the critical velocity of the moving
load and tabulated in Tables 2 and 3 have a realistic meaning. It
should be noted that in a qualitative sense this conclusion is in
agreement with the experimental and theoretical results obtained
by Madshus and Kaynia (2000). Moreover, if we consider the case
where h  ð102  1Þ m and cð1Þ12  ð103  104Þ m=s, then according
to the relation xh ¼ cð1Þ21X we obtain that x  ð10 104Þ Hz.
According to Degrande and Schillemans (2001), the oscillation fre-
quency of modern high-speed trains is in the region of
10 200 Hz. Consequently, the considered values of X, or the val-
ues attained for X0 and X00 also have realistic meaning.
It follows from the relations (22) and (23) and from the forego-
ing tables that the incompleteness of the contact conditions re-
duces the lower limit of the values of V 0cr: and V
00
cr:, but increases
the upper limit of the values of X, namely the values of X00. More-
over, it follows from the foregoing tables that in the considered
range of change in the problem parameter, the values of V 0cr:ðV 00cr:Þ
decrease (increase) with the oscillating frequency (i.e. with XÞ of
the moving load.
Now we consider the distribution of the displacement in the
direction of the Ox2 axis (Fig. 1) of the points of the interface plane
between the covering layer and half plane and the distribution nor-
mal stress acting on that plane. In obtaining the numerical results
(which will be discussed below) it is assumed that e ¼ 0:2. Note
that we will consider the results attained for the complete contact:5.
c00cr:
0.018) 0.976(0.020) 1.002(0.040) 1.0774(0.110)
0.049) 0.870(0.060) 0.882(0.070) 1.0781(0.283)
0.018) 0.977(0.020) 1.003(0.040) 1.0778(0.109)
0.049) 0.870(0.060) 0.882(0.070) 1.0776(0.278)
0.018) 0.980(0.020) 1.005(0.040) 1.0781(0.107)
0.050) 0.870(0.060) 0.882(0.070) 1.0776(0.272)
0.019) 0.985(0.020) 1.010(0.040) 1.0774(0.102)
0.051) 0.870(0.060) 0.882(0.070) 1.0776(0.260)
0.010) 1.013(0.020) 1.048(0.040) 1.0771(0.058)
0.032) 0.923(0.060) 0.938(0.070) 1.0777(0.178)
0.010) 1.015(0.020) 1.050(0.040) 1.0774(0.057)
0.032) 0.924(0.060) 0.939(0.070) 1.0780(0.176)
0.010) 1.018(0.020) 1.053(0.040) 1.0775(0.055)
0.032) 0.926(0.060) 0.941(0.070) 1.0779(0.172)
0.010) 1.024(0.020) 1.060(0.040) 1.0779(0.051)
0.032) 0.930(0.060) 0.946(0.070) 1.0782(0.164)
0.004) 1.034(0.010) 1.063(0.020) 1.0758(0.025)
0.017) 1.002(0.060) 1.023(0.070) 1.0777(0.098)
0.004) 1.036(0.010) 1.064(0.020) 1.0777(0.025)
0.017) 1.004(0.060) 1.025(0.070) 1.0765(0.096)
0.004) 1.038(0.010) 1.067(0.020) 1.0781(0.024)
0.017) 1.007(0.060) 1.029(0.070) 1.0773(0.094)
0.004) 1.044(0.010) 1.074(0.020) 1.0763(0.021)
0.017) 1.015(0.060) 1.037(0.070) 1.0773(0.089)
Table 3
The inﬂuence of the l1 on the values of c0cr: and c00cr: in the case where e ¼ 0:2; e1 ¼ 0:5.
l1 c0cr: c00cr:
0.5 1.002(0.001) 0.998(0.002) 0.988(0.005) 1.047(0.015) 1.059(0.020) 1.0780(0.028)
0.856(0.001) 0.845(0.005) 0.803(0.019) 0.951(0.040) 0.972(0.050) 1.0776(0.107)
0.3 0.998(0.001) 0.995(0.002) 0.981(0.007) 1.034(0.015) 1.044(0.020) 1.0766(0.037)
0.854(0.001) 0.845(0.005) 0.799(0.023) 0.934(0.040) 0.952(0.050) 1.0771(0.132)
0.2 0.987(0.001) 0.985(0.002) 0.964(0.013) 1.012(0.015) 1.019(0.020) 1.0774(0.069)
0.849(0.001) 0.842(0.005) 0.794(0.030) 0.911(0.040) 0.924(0.050) 1.0776(0.195)
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stress distribution in the case where c ¼ 0:0 were considered in
Akbarov and Guler (2007), and, in the case whereX ¼ 0:0, by Akba-
rov and Ilhan (2008).
Thus, we introduce the notation
u2ðx1Þ ¼ juð1Þ2 ðx1;hÞj ¼ juð2Þ2 ðx1;hÞj;
r22ðx1Þ ¼ j~rð1Þ22 ðx1;hÞj ¼ j~rð2Þ22 ðx1;hÞj ð24Þ
and, ﬁrst, consider the inﬂuence of the frequency of the moving load
(i.e. the inﬂuence of the parameter XÞ on the distribution of the dis-
placement u2ðx1Þ. In this case we will restrict ourselves with small
frequencies, i.e. we will assume that 0 6 X 6 0:03 because the main
interesting effects of the oscillation of the moving load on the u2ðx1Þ
arises most often for the aforementioned small frequencies. The
graphs of this distribution are given in Fig. 3 under
c ¼ 0:6;l1 ¼ 0:5; e1 ¼ 0:5 from which it follows that the inﬂuence
of the X on the values of u2 is non-monotonic, i.e. before (after)
X ¼ 0:002 the absolute values of u2ðx1Þ increase (decrease) with
X. It should be noted that this concluding occurs for the considered
value of c (i.e. for c ¼ 0:6Þ and for almost all selected X (except
X ¼ 0:05Þ. The maximal absolute value for u2ðx1Þ arise at point
x1=h ¼ 0. Therefore, to illustrate the inﬂuence of the X on the values
of u2ðxÞ for various values of c, it is expedient to consider the
graphs of the dependence between u2ð0ÞEð1Þ1 =ðP0hÞ and c for various
values of X because u2ð0Þ is a vertical displacement of the interface
plane point which is very close to the moving load acting point.
These graphs are given in Fig. 4. To clarify the illustrations, the
graphs are divided into two parts as follows. In the ﬁrst part
(Fig. 4a) the load moving velocity c is changed within the interval
½0:0;0:8	, i.e. before the certain vicinity of the critical velocity, but
in the second part (Fig. 4b) these graphs are given for the interval
½0:85;1:05	, i.e. before the very near vicinity of the critical of the
critical velocity. It follows from the foregoing graphs that the jumps
arise in the values of u2ð0Þ with c. The arising of these jumps isFig. 3. Distribution of the u2ðx1Þ on the interface plane with respect to x1=h for
various values of X (16) under c ¼ 0:6 for the case where e1 ¼ 0:5;l1 ¼ 0:5.characteristic of the considered mechanical processes and is ex-
plained with the reﬂection and retraction of the waves from the
interface plane between the covering layer and half-plane. At the
same time it clearly follows from the graphs that for such values
of X, under which there exists critical velocities. Fig. 4b also shows
that the absolute values of u2ð0Þ increase indeﬁnitely as c ! c0cr .
The above discussed results in the quantitative sense agree with
the corresponding ﬁndings attained in Auersch (2008) in which
the effect of the moving ‘‘strip” loads on the vibrations of soft soil
and isolated railway is studied in cases where the moving load
velocity is near to the critical velocity. Moreover, it should be noted
that the foregoing results are attained for the values
l1 ¼ 0:5; e1 ¼ 0:5, but similar results are also attained for other val-
ues of the problem parameters l1 and e1.
We consider the inﬂuence of the oscillation frequency of the
moving load on the distribution of the normal stress r22h=P0 with
respect to x1=h. In this case we select a wider range for the fre-
quency X 0 6 X 6 0:7ð Þ than that selected for the consideration
of the displacement distribution. Because the analyzed stress actFig. 4. The graphs of the dependence between the u2ð0ÞEð1Þ1 =P0h and c for various X
under 0 6 c 6 0:8 (a); under 0:85 6 c 6 1:08 (b) in the case where
e1 ¼ 0:5;l1 ¼ 0:5.
Fig. 5. Distribution of the r22ðx1Þ on the interface plane with respect to x1=h for
various values of X under c ¼ 0:4.
S. Akbarov, Nihat _Ilhan / International Journal of Solids and Structures 46 (2009) 3873–3881 3879on the interface plane and adhesion strength of the system depend
directly on the values of this stress. The graphs of these distribu-
tion are given in Fig. 5 for various values of X under c ¼ 0:4. It fol-
lows from these graphs that in the near vicinity of the load acting
point (i.e. in the interval 0 6 x1=h 6 2:0Þ the absolute values of the
considered stress decrease with X.
It should be noted that, although the graphs regarding r22 show
the distribution of the ‘‘amplitude” of the stress rð1Þ22 ðx1;hÞð¼
rð2Þ22 ðx1;hÞÞ, the distribution of this and other stresses depend also
on the functions aðmÞij ðx1; x2Þ. Such statement occurs also for the dis-
tribution of the displacement. The numerical investigations which
are not given here shows that, in general, the functions
aðmÞij ðx1;hÞ;aðmÞi ðx1;hÞ are discontinuous ones. Consequently
this discontinuity causes the discontinuity of the functions
cos aðmÞij ðx1;hÞ þxt
 
; sin aðmÞij ðx1;hÞ þxt
 
and later ones
cause the discontinuity of the distributions of the stresses and dis-
placements with respect to x1=h. Note that the mentioned discon-
tinuity and jumping is characteristic for dynamical problems and isFig. 6. Distribution of the stress rð1Þ22 ðx1;hÞ (17) with respect to x1=h under
xt ¼ p=4þ 2pn ðn ¼ 0;1;2; . . .Þ for various values of X for c ¼ 0:4 (a), for various
values of c for X ¼ 0:2 (b) for the case where e1 ¼ 0:5;l1 ¼ 0:5.explained with the wave reﬂection from the interface planes be-
tween the covering layer and half-plane. As an example, we here
consider the distribution of the stress rð1Þ22 ðx1;hÞ ¼ j~rð1Þ22 j
 cos að1Þ22 ðx1;hÞ þxt
 
with respect to x1=h under xt ¼
p=4þ 2pn n ¼ 0;1;2; . . .ð Þ. The graphs of this distribution for var-
ious X and c are given in Fig. 6a and b, respectively. It follows from
these graphs that the symmetry of the considered distribution with
respect to the straight line determined by equation x1=h ¼ 0 is vio-
lated with X and c. Consequently, the absolute maximum value for
the stress rð1Þ22 ðx1;hÞ is attained at the point which is ahead of the
moving load acting point but is in the near vicinity of this point, i.e.
is in the vicinity for which x1=h < 0:5. Nevertheless these absolute
maximum values of rð1Þ22 ðx1;hÞ are determined through the values
of r22ðx1;hÞ which in the quantitative sense have moreFig. 7. The dependence between r22ð0Þh=P0 and X for the case where e ¼ 0:2: (a)
for various e1 under l1 ¼ 0:5; c ¼ 0:4; (b) for various l1 under e1 ¼ 0:5; c ¼ 0:4; (c)
for various c under l1 ¼ 0:5; e1 ¼ 0:5.
Fig. 8. The dependence between r22ð0Þh=P0 and c for the case where e ¼ 0:2: (a) for
various e1 under l1 ¼ 0:5;X ¼ 0:2; (b) for various l1 under e1 ¼ 0:5;X ¼ 0:2; (c) for
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. Therefore we
turn again to a consideration of the analyses of the numerical re-
sults regarding the dependence between r22ðx1;hÞ and the prob-
lem parameters.
It follows from the graphs given in Fig. 5 that the absolute val-
ues of the stress r22 become signiﬁcant (in the quantitative sense)
at near vicinity of the point x1=h ¼ 0. In this case the dependence
between r22h=P0 (at x1=h ¼ 0Þ and X (for ﬁxed cÞ is non-mono-
tonic, i.e. there is such a value of X (denote it by XÞ under which
the absolute values of r22h=P0 becomemaximum. As usual, the fre-
quencyX is called the ‘‘resonance” frequency, and the correspond-
ing values of r22 are called the ‘‘resonance” values of the stress. The
graphs of the aforementioned dependence are given in Fig. 7a and
b which are constructed for various values of e1 and l1, respec-
tively. It follows from the graphs that a decrease in the values of
the parameter e1 causes the ‘‘resonance” frequency X
 to decrease
as well as the ‘‘resonance” values of r22, but a decrease in the val-
ues of parameter l1 causes the ‘‘resonance” frequency X
 to in-
crease as well as the ‘‘resonance” values of the stress r22. It
should be noted that the non-monotonic character of the depen-
dence between r22h=P0 and X was also noted and analyzed in
the papers of Akbarov and Guler (2007) and Akbarov (2007a) and
in other papers listed therein. However, in the mentioned papers
the materials of the covering layer and half-space materials were
assumed to be isotropic.
Fig. 7c shows the inﬂuence of the moving load velocity on the
dependence between r22h=P0 and X under l1 ¼ 0:5. According to
Fig. 7c, there exists a value of Xð¼ X0Þ before (after) which the
absolute values of r22h=P0 increase (decrease) with c. This state-
ment can be explained by the existence of a critical velocity under
X < 0:1. This estimation for X follows from relation (22).
Now we consider the dependence between the r22h=P0 (at
x1=h ¼ 0Þ and c. In this case we must distinguish the following
two cases. Case 1: The critical velocity exists. Case 2: The critical
velocity does not exist. The graphs given in Fig. 8a and b which show
the mentioned dependencies for various values of the parameters
e1 and l1, respectively, portray Case 2. It follows from these graphs
that for the considered values of the problem parameters the
dependence between r22h=P0 and c is non-monotonic, i.e. before
(after) a certain value of c under which the values of r22h=P0 have
a jump (denote it by cjrÞ. However, under c > cjr the values of
r22h=P0 increase with c. Note that the numerical results illustrated
in Fig. 8a and b agree with the other aforementioned results.
The distinction between aforementioned two cases is illustrated
more clearly by the graphs given in Fig. 8c, which show the depen-
dence between r22h=P0 and c for various X under l1 ¼ 0:5. In this
ﬁgure the graphs regarding the Case 1and their behavior as c ! c0cr
are also illustrated.various X under l1 ¼ 0:5; e1 ¼ 0:5.4. Conclusion
From the results analyzed above the following conclusions were
reached:
There exists a certain limit for the oscillation frequency after
which the critical velocity does not exist. The interval of the fre-
quency under which the critical velocity exists is divided into
two subsequent parts. In the ﬁrst (second) part of this interval
the values of the critical velocity decrease (increase) with fre-
quency of the oscillation of the moving load.
The values of the critical velocity are controlled mainly with a
Rayleigh wave velocity for the half-plane material; at the same
time, the incompleteness of the contact conditions reduces signif-
icantly the values of this critical velocity.
The limit values of the oscillation frequency after which the
critical velocity does not exists, are determined through the valuesof the critical velocity which are very near to the limit velocity for
the subsonic regime. Therefore for the considered values of the
problem parameters the mentioned frequency, and corresponding
critical velocity, are determined mainly through the mechanical
properties of the half-plane material.
In the quantitative sense, the values to be considered for the
normal stress acting on the interface plane between the covering
layer and half plane and displacement of the points of this plane
are attained in the certain near vicinity of the load acting point.
After the oscillation of the moving load reaches a certain veloc-
ity, jumps arise in the stress and displacement values. The magni-
tude of these jumps depend on the anisotropy of the covering layer
material and becomes more considerable for cases where the
velocity of the moving load approaches its critical value.
At the same time, as a result of the oscillation of the moving
load, the symmetry of the aforementioned distribution with
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ment of time.
Before the aforementioned ﬁrst jump, there exists the ‘‘reso-
nance” value of the oscillation frequency of the moving load under
which the stress considered has its absolute local maximum (‘‘res-
onance”) value. The values of the ‘‘resonance” frequency decrease,
but the values of ‘‘resonance” stress increase with the velocity of
the moving load.
The numerical results obtained in the present paper and regard-
ing the inﬂuence of the mechanical properties constituents’ mate-
rials and the magnitude of the initial stresses in those on the values
of the critical velocity and of the stress distribution agree and con-
ﬁrm the corresponding ones obtained in the paper Akbarov and Il-
han (2008). At the same time, the results attained for the inﬂuence
of the moving load oscillation on the displacement of the point of
the interface plane between the covering layer and half plane
agree, in the qualitative sense, with the results attained in the pa-
per Auersch (2008).References
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